An inverse minimum spanning tree problem makes the least modification on the edge weights such that a predetermined spanning tree is a minimum spanning tree with respect to the new edge weights. In this paper, the concept of uncertain α-minimum spanning tree is initiated for minimum spanning tree problem with uncertain edge weights. Using different decision criteria, two uncertain programming models are presented to formulate a specific inverse minimum spanning tree problem with uncertain edge weights involving a sum-type model and a minimax-type model. By means of the operational law of independent uncertain variables, the two uncertain programming models are transformed to their equivalent deterministic models which can be solved by classic optimization methods. Finally, some numerical examples on a traffic network reconstruction problem are put forward to illustrate the effectiveness of the proposed models.
INTRODUCTION
The inverse optimization problem is a subject extensively studied in the context of tomographic studies, seismic wave propagation, and in a wide range of statistical inference with prior problems. The inverse minimum spanning tree (IMST) problem is a type of inverse optimization problems. In an IMST problem, a connected graph with edge weights is considered. The objective of IMST problem is to modify the weights so that a predetermined spanning tree is a minimum spanning tree with respect to the new weights, and simultaneously the total modification of weights is a minimum.
The IMST problem was first studied by Zhang et al. (1996) . Following that, much research work has been done onthe IMST problem since many applications can be transformed to this problem (Farago et al., 2003; Guan and Zhang, 2007; Wang et al., 2006; Yang and Zhang, 2007) . And many efficient algorithms have been developed for solving the classic IMST problems and their derivatives (Ahuja and Orlin, 2000; He et al., 2005; . In view of the nondeterminacy of some parameters in applications, some endeavor was done to deal with IMST problems with indeterminate information in the literatures. For example, Zhang and Zhou (2006) considered the IMST problem when the edge weights were assumed to be stochastic variables, and stochastic programming models together with hybrid intelligent algorithms were presented for IMST problems.
In practice, however, it is not appropriate to set the edge weights as random numbers in some cases due to a lack of observed data (Peng and Li, 2011; Zhou and Peng, 2011) . Hence, we adopt the uncertainty theory, a branch of axiomatic mathematics for modeling human uncertainty founded by Liu (2007) , to handle this problem. In this paper, a specific IMST problem is discussed under the assumption of uncertain edge weights. This paper proposes a new concept of uncertain α-minimum spanning tree and develops two uncertain programming models to formulate this problem according to different decision criteria. In this paper, the IMST problem with uncertain edge weights is referred to as an uncertain inverse minimum spanning tree (UIMST) problem for convenience.
The rest of this paper is organized as follows. Section 2 briefly reviews the preliminary concepts of uncertainty theory. Section 3 introduces the classic IMST problem and the mathematical description of UIMST problem, and then proposes a concept of uncertain α-minimum spanning tree. In Section 4, two uncertain programming models are given based on different decision objectives. Following that, Section 5 presents the numerical examples in terms of the two uncertain models. Finally, conclusions are drawn in Section 6.
PRELIMINARIES
Uncertainty theory provides a new approach to deal with indeterminacy factors when there is a lack of observed data (Liu, 2007 (Liu, , 2010 . Nowadays, uncertainty theory has become a branch of axiomatic mathematics for modeling human uncertainty, widely applied in many research areas (Chen, 2011; Li and Peng, 2012; Sheng and Yao, 2012; Xu and Zhu, 2012) . This section is intended to review some basic concepts in uncertainty theory which will be used to establish uncertain programming models for the UIMST problem.
Definition 1 (Liu, 2007) . Let L be a σ -algebra on a nonempty set .
Γ A set function :
is called an uncertain measure if it satisfies the following axioms:
for any event ;
Λ Axiom 3 (Subadditivity Axiom). For every countable sequence of events 1 2 , , ,
is called an uncertainty space. Besides, the product uncertain measure on the product σ -algebra was defined by Liu (2009) via the following product axiom:
An uncertain variable ξ is essentially a measurable function from an uncertainty space to the set of real numbers. In order to describe an uncertain variable in practice, Liu (2007) defined a concept of uncertainty distribution as follows.
Definition 2 (Liu, 2007) . Let ξ be an uncertain variable. Then, its uncertainty distribution is defined by
for any real number x. Furthermore, Peng and Iwamura (2010) showed that a function :
is an uncertainty distribution if and only if it is a monotone increasing function except ( ) 0 x Φ ≡ and ( ) 1.
For instance, an uncertain variable ξ is called linear if it has a linear uncertainty distribution (Figure 1 
It is clear that a linear uncertainty distribution ( , )
L a b is regular, and its inverse uncertainty distribution is
The inverse uncertainty distribution plays an important role in the operations of independent uncertain variables.
Definition 3 (Liu, 2009 
for any Borel sets 1 2 , , , n B B B L of real numbers.
Theorem 1 (Liu, 2010) 
be independent uncertain variables with regular uncertainty distribu-
is strictly increasing with respect to 1 2
and strictly decreasing with respect to 1 2 , ,
is an uncertain variable with inverse uncertainty distribution
.
UNCERTAIN INVERSE MINIMUM SPANNING TREE PROBLEM
In this section, a classic concept of minimum spanning tree as well as a path optimality condition is reviewed briefly, and then an UIMST problem is initialized by introducing its application backgrounds and mathematical description. Finally, a new concept of uncertain α -minimum spanning tree is presented.
Classic IMST Problem
Definition 4 (Minimum Spanning Tree). Given a connected graph ( , ) G V E = with edge weights ,
T is said to be a minimum spanning tree if
holds for any spanning tree T.
In a classic IMST problem, a predetermined spannng tree 0 T is given. The objective of IMST problem is to find some new edge weights such that 0 T is a minium spanning tree with respect to the new edge weights and accordingly the modification of edge weights is a minimum. T there is a unique path between the two vertices of any non-tree edge j, referred to as tree path of edge j and denoted by . Moreover, Ahuja et al. (1993) proved an equivalent condition of minimum spanning tree, called a path optimality condition as follows.
Theorem 2 (Ahuja et al., 1993) .
0
T is a minimum spanning tree with respect to the edge weights if and only if 0 0, \ ,
where 0 \ E T is the set of non-tree edges, and j P is the tree path of edge j.
According to Theorem 2, the classic IMST problem can be formulated as the following model, (Sokkalingam et al., 1999) .
Application Backgrounds
Many reconstruction problems in practice can be transformed to uncertain problems. Let us consider a LAN reconstruction problem as follows.
Much research work shows that the spanning tree structure is the best topology for telecommunication network designs (Kershenbaum, 1993) , especially in computer network systems. LANs are commonly used as a communication infrastructure that meets the demands of users in a local environment. These computer networks typically consist of several LAN segments connected via bridges.
Suppose that there is an old LAN, in which several service centers are interconnected via bridges. Because of the tremendous network congestion, the bandwidths on bridges must be modified. The decision-maker hopes that a predetermined spanning tree becomes a minimum spanning tree with respect to the traveling time (which means high net-speed) between the main service centers. Also the total bandwidth modification should be minimized so as to diminish the cost of reconstruction.
Since the traveling times as well as the net speeds are related to bandwidths, it is natural to describe the traveling time on a bridge as an uncertain number instead of a deterministic one with respect to bandwidths of bridges when there are no former statistical data. This is a typical inverse spanning tree problem with uncertain weights, i.e., a UIST problem.
Notations and Problem Description
In this paper, a specific IMST problem with uncertain edge weights is investigated. In order to provide a mathematical description for this problem, the following notations are used: 
Uncertain α-minimum Spanning Tree
In a UIMST problem, Definition 4 becomes powerless due to the uncertainty of edge weights . i ξ Therefore, before modeling the UIMST problem, a minimum spanning tree with respect to uncertain weights must be defined first. In this section, by using the uncertainty measure (see Section 2), a new concept of uncertain α -minimum spanning tree is recommended as follows.
Definition 5 (Uncertain α -Minimum Spanning Tree). Given a connected graph ( , ) G V E = with uncertain edge weights ,
and a given confidence level , α a spanning tree 0 T is said to be an uncertain α -minimum spanning tree if
Definition 5 implies that an uncertain α -minimum spanning tree has a chance not less than α of not having an uncertain weight larger than every other spanning tree, which is intuitively reasonable.
As introduced in Section 3.1, Theorem 2 is a necessary and sufficient condition of minimum spanning tree, which provides a useful approach for modeling an IMST problem. In the UIMST problem, a similar result can be obtained for uncertain α -minimum spanning tree by adopting only a tiny change as follows.
Theorem 3.

0
T is an uncertain α -minimum spanning tree with respect to the uncertain edge weights if and only if
Proof. It follows directly from Theorem 2 and Definition 5. 
UNCERTAIN PROGRAMMING MODELS
Based on the concept of uncertain α -minimum spanning tree and Theorem 3, two uncertain programming models are built up for the UIMST problem in this section including an uncertain sum-type model and an uncertain minimax-type model. Furthermore, the operational law of independent uncertain variables, i.e., Theorem 1 in Section 2, is used to derive two equivalent deterministic models.
Uncertain Sum-Type Model
Let us consider a traffic network reconstruction problem, where some roads should be broadened for some reasons. The decision-maker hopes that the predetermined spanning tree becomes an uncertain α -minimum spanning tree with respect to uncertain traveling times between some main traffic hubs, where α is provided as an appropriate safety margin by the decision-maker. And the total modification of road widths is also required to be minimized which means decreasing the cost of reconstruction. In this case, a so-called uncertain sumtype model can be obtained from Theorem 3 as follows,
where α is a predetermined confidence level. This model means to make the least modification on the deterministic edge weights ,
such that a given spann- ing tree becomes an uncertain α -minimum spanning tree with respect to the uncertain edge weights ,
By the use of Theorem 1, it is easy to convert model (10) 
Similarly, using the inverse uncertainty distributions 
The objective function of model (13) is to minimize the largest modification in all the edges provided that a given spanning tree 0 T becomes an uncertain α -minimum spanning tree regarding the uncertain edge weights.
Until now, two uncertain models together with their equivalent deterministic models are presented for the UIMST problem according to different decision objectives. We can see that models (11) and (13) have no difference with classical mathematical programming models when the inverse uncertainty distributions are known. Thus, we may solve them by classical optimization methods or intelligent algorithms.
COMPUTATIONAL EXAMPLES
In order to illustrate the effectiveness of the above two uncertain programming models, in this section, a traffic network reconstruction problem with 6 traffic hubs and 10 roads is considered (Figure 3 (Table 1) . Two uncertain models are given to formulate this problem and then solved by MATLAB (MathWorks, Natick, MA, USA). 
where the non-tree edge set { } 0 \ 6 ,7,8 ,9 ,10 , j E T P = is the tree path of non-tree edge j, and which is a linear programming model. Hence, we solve it by MATLAB 7.1 and get the optimal solution * 1 (120, 68, 170, 190, 152, 60, 60, 40, 170, 130) x = and the minimum total modification on road widths is 210. (120, 68, 170, 222, 257, 60, 60, 40, 170, 165) x = as well as the optimal objective value 140.
By making a further investigation on the experimental results, we have x are optimal solutions of model (16), while only
